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1. Introduction 
Let f be a Markov-Stieltjes function, 
f(z) = /:I$$, (1) 
where z E C, the complex plane, and (Y is a finite positive measure whose support is an infinite 
subset of [ - 1, 11. It is a beautiful and basic fact that the denominator of the (n - 1, n) Pad6 
approximant (PA) of f after a suitable normalization is the nth orthogonal polynomial for (Y. 
From this it follows that the poles of the PA are simple and located on ] - co, - 1[ U]l, oo[ and 
this gives that the PAS converge to f locally uniformly in C \ (I- cc, - 11 U [l, co[) (Markov) 
with geometric degree of convergence (Gragg) (see, for instance, [4]). 
In [3] we discussed the convergence of approximants of f when the PA was replaced by the 
Pad6 type approximant (PTA) where the location of some, or all, of the poles of the approximant 
is determined in advance. More precisely, let F be a formal power series in t, let n and m be 
nonnegative integers, and let u, u(z) f 0, be an arbitrary polynomial of degree k, where 
0 < k G m. For any 1 let g1 denote the class of polynomials in z of degree at most 1, and choose 
9~9’~ and w ~9~_.~, w(z) f 0, so that 
F(z)u(z)w(z) -P(z) = O(zn+--k+l), (4 
where the right-hand side denotes a power series in z with lowest order term of degree 
n + m - k + 1. We define P/( VW) to be the (n, m) PTA of F with preassigned poles at the zeros 
of U. It is uniquely determined by F, n, m and the zeros of u. 
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A satisfactory convergence theory was obtained in [3] when the location of all the poles, or one 
of the poles, was chosen in advance. In this note we use orthogonal polynomials to obtain 
convergence results when several, but not all, of the poles are preassigned. The note is a sequel to 
[3] but can be read independently. 
2. Connection to orthogonal polynomials 
We start by interpolating at infinity instead of at zero as in (2). Let cx be as in (1) and 
introduce 
g(z) = JliZ. (3) 
Let uk E 8, be given with degree exactly k and choose P,_ 1 E gn_ 1 and w~__~ E 9,,_k, 0 < k < 
n, w,_~(z) Z 0, so that 
(gu,w,_,- Pn_l)(z) = O(z-“-‘+k) as z + co. (4) 
Following the procedure for PAS we multiply (4) by zj and integrate over a contour surrounding 
[ - 1, 11, insert g given by (3) and use Fubini’s theorem and Cauchy’s integral formula. This gives 
J 
1 
~,_~(t)tju~(t) da(t) =0 for O<j<n - 1 -k. (5) 
-1 
Now, assume that all the zeros of uk are chosen in [ - 1, 11, which is the only place where g has 
singularities. Furthermore, assume that all the zeros of uk have even multiplicity except possibly 
at - 1 and + 1 where the multiplicity may be even or odd. Then uk does not change sign in 
[ - 1, 11 and since (5) means that w~_~ is the orthogonal polynomial for 1 uk 1 da of degree n - k 
(uniquely determined except for a multiplicative constant) we conclude from the theory of 
orthogonal polynomials that all the n - k zeros of w~_~ are simple and located in ] - 1, l[. 
Now we go back from interpolation at infinity to interpolation at zero which means that we go 
from g(z) given by (3) to f(z) = -z-‘g( - l/z) given by (1). We introduce 
f?,_,(z) = -z “_‘P,_,( -l/z), 
r&(z) =z”u,( -l/z), 
S&,(z) =z “-kW,_/J - l/z), 
and replace z by - l/z in (4). Then (4) has the equivalent formulation 
( j?6k6n_k - Fn_,)( z) = 0( zZnwk) as z + 0, 
showing that j,,_i/( U”k@,_k) is the (n - 1, n) PTA off with preassigned poles at the zeros of ck. 
From our discussion we see that @,_k E 9’n_k and that all the zeros of Gn_k are simple and 
located in ] - 00, - 1[ U]l, cot. We summarize in the following theorem. 
Theorem 1. Let Fn,- 1/( Ok+,, _k) be the (n - 1, n) PTA off with preassignedpoles at the zeros of Ck 
where fik has degree k, 0 G k G n, and all the zeros of fik are - 1 and + 1 (with arbitrary 
multiplicity) and points in ] - CQ, - l[ U 11, oo[ with euen multiplicity. Then the zeros of I?~ _k are 
all simple and located in ] - 00, - l[U]l, co[. 
We finish this section by a simple example where uk has a zero of odd degree in ] - 1, 1[ and 
the above conclusion on the zeros of w~_~ does not hold. 
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Example. We take k = 1, n = 2 and vi(t) = t - c, where c E] - 1, l[. Let d > 0 be such that 
[c - d, c + d] c [ - 1, l] and choose CX( t) = t in [c - d, c + d] and constant elsewhere. We put 
wi( t) = at + b f 0. By (5) 
o= /;l(at + b)(t - c) da(t) =a/_“,;l dt. 
Hence a = 0 and wi( t) = b # 0, so w1 does not even have a zero. Furthermore, Gi( t) = bt is zero 
at zero. 
3. An error formula 
Again we start from (4) with the same notation and assumptions. We introduce 
Q, := v,wn-, , 
take a polynomial 24 E Yn _ k and observe that u( gQ, - P,_ 1) is analytic outside [ - 1, l] and, by 
(4), it is 0( z-l) as z + cc. This gives, by Cauchy’s theorems, if r is a simple closed, positively 
oriented contour surrounding [ - 1, l] and z is outside r, 
+>(sQ,-Pn-l)(z)= -&j- s_z dS)&)Qn(S) dS . 
r 
By using (3), Fubini’s theorem and Cauchy’s integral formula we get 
u(z)(gQ,-Pn_l)(z)=/~lu(~$t(t)da(t) forzEe\[-l,l], 
where 6 is the extended complex plane. By replacing z by -l/z and going back to f given by 
(l), and to pn_i, fik and Gn_k, and by putting 
Q, := i7k+n_k) 
we finally get the desired error formula: 
L(z) 
f(z)- &Jz) = 
1 
u(-l/z)Q,(-l/z) 1 
1 ~(t)Qn(d,~(~) 
-i 1 +zt (6) 
forzEC\(] -co, -11 U[l, oe]) forevery uEgn_k, O<k<n. 
When z is zero, the right-hand side shall be interpreted as zero. In (6), ~~_,/Q, is the (n - 1, n) 
PT’A of f with preassigned poles at the k zeros of ck. 
In particular, when k = 0, i.e., when uk is constant and the PTA reduces to the PA, and we 
make the two choices u(z) = 1 and u(z) = Qn(z) in (6), we recognize two formulas for PAS (see 
[4, Theorem 1, b]). 
The error formula (6) may also be deduced from [l, 943. 
4. The convergence result 
We keep the notation from Sections 2 and 3 and assume that fik satisfies the conditions in 
Theorem 1. We let k = k(n) depend on n and we want to estimate, as n tends to infinity, in the 
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error formula (6) with u chosen as w, _ k. By multiplying numerator and denominator in the PTA 
by a suitable constant, we normalize so that uk has leading coefficient 1 and PV~_~ is the 
orthonormal polynomial for 1 uk 1 da of degree n - k with positive leading coefficient. Let K be 
a compact subset of C \( ] - co, -11 U [l, co [ ). From (6) we obtain for z E K and a certain 
constant ci( K), 
f(z) - FP1(z) < Cl(K) ’ On(z) I%(-wY-k(-w) I J %%f) I u/c(t) I da(t). -1 
Since w~__~ is the normalized orthogonal polynomial, the integral on the right-hand side is 1. 
Furthermore, I uk( - l/z) I is larger than a positive constant (depending on K) raised to the 
power k(n) and, by assuming that k(n) = o(n), we obtain 
to estimate the right-hand side of (7) we use [2, Chapter III, Theorem 7.1 (p.117)], or, more 
precisely, formula (7.8) from the proof of the theorem. This shows that for z E K and some 
constant c2( K) we obtain, if T, is the nth Chebyshev polynomial (see [2, p.118]), 
1 /i I %(d I W) 
I w,‘-/A-w I G C2(K) l ;clr_l( -l/z) I * 
We now use that uk( t), t E [ - 1, 11, is at most 2 raised to k(n) and the explicit formula for T, 
(see [2, p.1161) to conclude that 
1 i/n 1 
) Wn2-k( -l/Z) 1 
(8) 
where 
G(z):=-++ A-1. 
/----- Z 
Here m denotes the branch which takes positive values for real z > 1, 
lz+fi/>l forzEC\[-l,l], 
and 
(9) 
Iz+V!?il+cc as ]z] ‘00. 
This means that I G(z) I > 1 on K and that the right-hand side of (8) is less than 1. By 
combining this with (7) we obtain the desired result which we summarize in the following 
theorem. 
Theorem 2. Let f be given by (1) and let ~,,_,/&, be the (n - 1, n) PTA off with preassigned 
poles at the zeros of Ckk, where 17~ satisfies the conditions of Theorem 1. Furthermore, assume that 
the degree k = k(n) of fik satisfies 
Em k(n)=0 
njoo n 
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Let K be a compact subset of @ \( ] - co, - 11 U [l, , co[ ). Then 
where $(z) is given by (9). 
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